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PrestretchThe inﬂated elastomeric balloon structures are widely used in engineering ﬁelds such as elastomeric
actuators and artiﬁcial muscles. This study, involving both experiment and modeling, is focused on the
prestretch effect on non-linear behavior of inﬂated short-length tubular elastomeric balloons. In the
experiment, the prestretched tubular elastomeric balloon is subjected to air pressure while the two ends
are ﬁxed with rigid tubes. The shape evolutions of the tubular elastomeric balloons are illustrated. The
non-axisymmetric bulging is observed in the inﬂated tubular balloon with small prestretch. An analytical
model based on continuum mechanics is developed to investigate the inﬂation behavior of the tubular
balloons, and the analytical results agree well with the experimental observation. Analysis shows that
snap-through instabilities may happen during the inﬂation of the tubular balloon. Prestretch along the
axis of the tubular balloon can suppress instability during inﬂation and regulate the reaction force along
the axial direction. This work can guide the future application of tubular balloons in elastomeric actuators
and artiﬁcial muscles.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Tubular balloons experienced intense studies in the past. The
deformation of tubes during inﬂation and the associated stabilities
have been well studied (Green and Shield, 1950; Adkins and Rivlin,
1952; Kydoniefs and Spencer, 1969; Alexander, 1971; Yin, 1977).
Mallock (1890) studied the structure-induced instability of India-
rubber tubes and balloons when distended by ﬂuid pressure using
linear elastic constitutive model. Benedict et al. (1979)’s work
was focused on the limit pressure of nonlinear elastic tubular mem-
brane, which was bonded to rigid plates at its ends and subjected to
pressure and tension. Chater and Hutchinson (1984) investigated
the propagation of instability (bulge and buckle propagation) and
obtained the propagation pressure under both quasi-static and
steady-state conditions, using Maxwell construction. This problem
was further explored by Kyriakides and Chang (1990) considering
the axial loading effect, with the propagation pressure predicted
by the samemethod. Kyriakides and Chang (1991) also investigated
the effects of axial tension, aspect ratio, geometric imperfection andmaterial properties on the initiation and propagation of the local-
ized instability, experimentally and theoretically.
Rubber-like elastomeric membranes which are hyperelastic and
nearly incompressible are widely used for thin-walled balloons.
Various free energy density functions have been developed to de-
scribe the phenomenological constitutive models of rubber-like
materials, such as Neo-Hookean, Mooney–Rivlin (Mooney, 1940;
Rivlin, 1948), Ogden (Ogden et al., 2004) and Gent models (Gent,
1996). During inﬂation, elastomeric balloons undergo large defor-
mation and may experience snap-through instabilities (Gent,
1999; Balakhovsky and Volokh, 2012). Gent (2005) analyzed the
instability of inﬂated tubular and spherical balloons using the Gent
(1996) model, without considering the effects of prestretch and
boundary constrains. Kanner and Horgan (2007) theoretically stud-
ied the effect of strain-stiffening on the classical instability point
when inﬂating rubber-like tubular balloons with no constraints
at the ends. Fu et al. (2008) derived the bifurcation condition and
determined the near-critical behavior of a thin-walled hyperelastic
tube under inﬂation. Fu and Xie (2010) investigated the stability of
a hyperelastic tubular balloon using the energy stability criteria,
and illustrated that the unstable solutions correspond to the
snap-back in pressure–volume diagram.
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ﬁcial muscles and tubular actuators, the balloons are constrained
at the two ends. Compared with long tubular balloons, the short-
length can provide higher axial pushing force without buckling.
During the inﬂation of the tubular balloon, prestretch along the ax-
ial direction can modify the mechanical behavior (Kyriakides and
Chang, 1991). Axial forces of the tubular elastomeric balloons in-
duced by inﬂation and elongation play an important role in the
functionalities of artiﬁcial muscles. In this work, we carried out
both experiments and modeling of short-length tubular elasto-
meric balloons with the two ends ﬁxed. The relationships between
the volume, the prestretch, the reaction force along the axial direc-
tion and the pressure are investigated in the analysis.
The work is presented as follows. Section 2 describes the setup
and process of the experiment. Section 3 presents the formulations
of the analytical model. Section 4 compares the results obtained
from the experiments and the analytical model. Prestretch effects
on both the snap-through instability and the reaction force are
studied. Section 5 summarizes the conclusions.2. Experiment
Schematically shown in Fig. 1, the experimental setup of the
tubular balloon includes the inﬂator (e.g., air pump), an air
manometer, two rigid tubes, rigid mounts, and the short-length
tubular membrane. The inﬂator pumps air into the tubular balloon,
and controls the internal pressure. We choose the AZ-8205 as the
air manometer (AZ instrument corporation, pressure range:
0–33.45 kPa, resolution: 0.02 kPa, accuracy: ±0.3% of full scale at
±25 C). The measured pressure is deﬁned as the difference
between the internal pressure and the external pressure of the
tubular balloon. The temperature in the experiment is kept around
25 C. The rigid tubes are clamped by the mounts which consist of
two bench vices. The bench vice on the right side can moves along
the axial direction to tune the prestretch.
In the reference state, a piece of elastomeric membrane
(3M-VHB 4910) is rolled into a tubular shape. The two ends of
the balloon are ﬁxed with the rigid tubes and constrained by tapes
as shown in Fig. 2. In the prestretch state, the bench vice B is
moved along the axial direction with the distance l0 away from
bench vice A (Fig. 1). In the inﬂation state, air is pumped into the
balloon by the inﬂator. A video camera is used to monitor the pres-
sures and the deformed conﬁgurations of the tubular balloons
simultaneously. In the reference state, the thickness of the DE
membrane is H0 = 1 mm, the radius of the tubular balloon is
R0 = 15.75 mm, and the length is L0 = 30 mm. The prestretch is
deﬁned as kpre = l0/L0.
Fig. 2 illustrates the shape evolutions of the short-length tubu-
lar balloons accompanied by the corresponding pressure history
for cases with various prestretches (e.g., kpre = 2, 3, 4, 5). The exper-
iment shows that when the prestretch is small (e.g., kpre = 2), the
pressure will increase ﬁrst, then drop and ﬁnally increase againFig. 1. Schematics of the experimental setup: (a) Reference state. (b) Deformed state o
tubular elastomeric balloons. l0 is the length of the tubular elastomeric balloons in thedue to strain stiffening. However, when the prestretch is large
(e.g., kpre = 5), the internal pressure increases monotonically with
the volume. In the experiment we observe that the deformed con-
ﬁguration of the balloon tends to be non-axisymmetric with small
prestretch, which will be discussed in Section 4.
3. Formulation
In this section, the analytical model based on continuum
mechanics is developed. The tubular balloon is modeled as an axi-
symmetric structure of thin membrane. We deﬁne the longitudinal
stretch (along the axial direction) as k1 and the latitudinal stretch
(along the circumferential direction) as k2. The material is assumed
to be incompressible, which yields the stretch along the thickness
direction k3 as
k3 ¼ 1k1k2 : ð1Þ
Therefore, the governing equations of the tubular DE balloon can be
described by two variables, k1 and k2.W(k1,k2) is the Helmholtz free
energy density. Following the previous study (Ogden et al., 2004),
the free energy density varies by
dWðk1; k2Þ ¼ @Wðk1; k2Þ
@k1
dk1 þ @Wðk1; k2Þ
@k2
dk2: ð2Þ
The free energy density variation can also be obtained by
dWðk1; k2Þ ¼ s1dk1 þ s2dk2: ð3Þ
s1 and s2 are the nominal stresses along the longitudinal and latitu-
dinal directions. Substituting Eq. (3) into Eq. (2) yields the following
equation
s1  @Wðk1; k2Þ
@k1
 
dk1 þ s2  @Wðk1; k2Þ
@k2
 
dk2 ¼ 0: ð4Þ
dk1 and dk2 are independent variations, which yields
s1 ¼ @Wðk1; k2Þ
@k1
; ð5Þ
s2 ¼ @Wðk1; k2Þ
@k2
: ð6Þ
Once the free energy density function W(k1, k2) is determined, s1
and s2 can be obtained from Eqs. (5) and (6). We adopt the Gent
model (Gent, 1996) to describe the elastic energy and the stiffening
effect of the polymer membrane. In the model, the free energy
density function is
W ¼ lJlim
2
log 1 k1 þ k2 þ k3  3
Jlim
 
; ð7Þ
where l is the shear modulus of the material, and Jlim is a constant
deﬁning the limit stretch of the material.f the structure after being presteched and inﬂated. L0 is the original length of the
deformed state.
Fig. 2. The shape evolutions of the short-length tubular elastomeric balloons under different pressures for various prestretches. The unit of the pressure P is kPa.
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stresses as
s1 ¼
l k21  k23
 
k1 1 ðk21 þ k22 þ k23  3Þ=Jlim
  ; ð8Þ
s2 ¼
l k22  k23
 
k2 1 ðk21 þ k22 þ k23  3Þ=Jlim
  : ð9Þ
Fig. 3 shows two states of the tubular elastomeric balloon, the
reference state (undeformed state) and the deformed state. In
Fig. 3(a), the tubular elastomeric balloon is in its reference state
with the length L0, the radius R0, and the thickness H0. Since the
structure is axisymmetric, coordinates (g,R) are used to deﬁne
the material particles in the reference state. In Fig. 3(b), the balloon
is prestretched to l0 and inﬂated. New coordinates (z,r) are deﬁned,
and h is the tangential slope of the membrane with respect to
z-direction.
The basic equilibrium equations of membrane are derived fol-
lowing previous study (Adkins and Rivlin, 1952). Considering one
circular element of the tubular elastomeric balloon shown in
Fig. 4(a), the length of the circular element in the reference state
is dg and the radius is R0. In the deformed state, this circular
element deforms into a new conﬁguration shown in Fig. 4(b).
The length of the circular truncated cone is dz = k1dg, and its radius
varies from r(g) to r(g + dg). Geometrical relations yield
dz
dg
¼ k1 cos h; ð10Þdr
dg
¼ k1 sin h; ð11Þ
k2 ¼ r=R0: ð12Þ
In the deformed state, the membrane is subjected to tensile stresses
in both the longitudinal and latitudinal directions. P is the pressure
difference between the internal pressure and the external pressure
of the tubular balloon. As shown in Fig. 4(b), force balance in the z-
direction yields
d
dg
ðH0R0s1 cos hÞ ¼ k1k2R0P sin h: ð13Þ
As shown in Fig. 4(c), the force balance of the deformed circular ele-
ment requires
d
dg
ðH0R0s1 sin hÞ þ k1k2R0P cos h ¼ s2H0: ð14Þ
Combining Eqs. (13) and (14) yields
ds1
dg
¼ s2
R0
sin h; ð15Þ
and
dh
dg
¼ s2
s1R0
cos h k1k2P
s1H0
: ð16Þ
Eqs. (10), (11), (15), and (16) are the governing equations of the
tubular balloon subjected to inﬂation. As the two ends of the tubu-
Fig. 3. Two states describing the analytical model. (a) The reference state. (b) The deformed state after being prestretched and inﬂated. L0 is the original length of the tubular
elastomeric balloons. l0 is the length of the tubular elastomeric balloons in the deformed state. h is the tangential slope of the membrane with respect to z-direction.
Fig. 4. Free-body diagrams of a circular element to describe the mechanical equilibrium of tubular elastomeric balloon. (a) The reference state. (b) The deformed state after
the element in (a) is prestretched into a circular truncated cone. (c) Half of the circular truncated cone.
2112 G. Mao et al. / International Journal of Solids and Structures 51 (2014) 2109–2115lar elastomeric balloons are ﬁxed, the latitudinal stretch k2 at the
ends is kept the same as that in the reference state, which yields
rð0Þ ¼ R0; rðL0Þ ¼ R0; ð17Þ
zð0Þ ¼ 0; zðL0Þ ¼ l0; ð18Þ
k1ð0Þ ¼ k1ðL0Þ; hð0Þ ¼ hðL0Þ: ð19Þ
We solve this boundary condition problem as an initial-value one
using the shooting method. The initial values k1 (g = 0) and h
(g = 0) are adjusted until the solution satisﬁes the boundary condi-
tions. The four differential equations (10), (11), (15), and (16) are
integrated to obtain z(g), r(g), k1(g) and h(g). The volume V of the
inﬂated tubular elastomeric balloon can be calculated by
V ¼
Z L0
0
pr2ðgÞdg: ð20Þ
The reaction force F in z-direction at one end of the tubular elasto-
meric balloon is calculated by
F ¼ 2pR0H0s1 cosðhÞ: ð21Þ4. Results and discussions
In this section the experimental and analytical results are illus-
trated. In our experiments, the internal pressures and proﬁles of
the tubular elastomeric balloons are obtained one minute after
the tubular balloons reach equilibrium at desired pressures. During
inﬂation, the prestretched tubular elastomeric balloons undergoinhomogeneous biaxial deformation. It is well known that elasto-
meric materials can be anisotropic. Therefore, to model the inﬂa-
tion behavior, material parameters can only be obtained by
ﬁtting the data from inﬂation experiments (Li et al., 2013). We
compare the proﬁles of the inﬂated tubular elastomeric balloon
from the experiment and analytical model to get the ﬁtting param-
eters. 25 tests are carried out with various pressures (Fig. 5). We
choose Jlim as 220 (Li et al., 2013) and obtain the shear modulus
as 20.62 kPa with the relative mean square error 2.67%. The value
of the shear modulus is comparable with that reported in the pre-
vious literature (Ogden et al., 2004). In the analysis, L0 is equal to
1.905R0, which is the same as that in the experiment. We use the
model to further investigate the effect of the prestretch on the
non-linear behavior of the inﬂated short-length tubular balloons.
In this analysis, the following normalized quantities are adopted,
z
R0
;
r
R0
;
s1
l
;
s2
l
;
V
pR20L0
;
P
lH0=R0
;
F
2plH0R0
: ð22Þ
Fig. 5 shows the calculated proﬁles of the inﬂated tubular
elastomeric balloons together with the measured ones. For four
different prestretch values, the relative errors for the volume of
the balloons between experimental and modeling results with dif-
ferent normalized pressures are 13.64% (kpre = 2, PR0/lH = 0.985),
1.975% (kpre = 3, PR0/lH = 0.710), 2.06% (kpre = 4, PR0/lH = 0.603),
and 0.56% (kpre = 5, PR0/lH = 0.512). As the resolution of the air
manometer is 0.02 kPa, when the measured normalized pressure
is around 0.985, the actual normalized pressure can fall in the
range from 0.970 to 1.000 (kpre = 2). According to the analytical
model, the normalized volume can vary from 5.70 to 7.10. This
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Fig. 5. Proﬁles of the inﬂated tubular elastomeric balloons predicted by both the analytical model (Sim) and the experiments (Exp). For four different prestretch values along
the axial direction, relative errors of volumes between experimental and modeling results are 13.64% (kpre = 2), 1.975% (kpre = 3), 2.06% (kpre = 4), and 0.56% (kpre = 5).
G. Mao et al. / International Journal of Solids and Structures 51 (2014) 2109–2115 2113can explain the difference between the experimental and modeling
data for kpre = 2. The viscoelasticity of the material can affect the
experimental results too. Another possible reason comes from
the fact that the Gent model cannot ﬁt well with the experiment
when the stretch is small with inhomogeneous deformation (Pucci
and Saccomandi, 2002).
In the analysis, the dimensions and loading conditions of the
tubular balloon are the same as those in the experiment. Fig. 6 dem-
onstrates that the snap-through instability will occur if the tubular
elastomeric balloon is inﬂated without prestretch. Multiple states
coexist when PR0/lH = 1.14 (denoted by points a, b, and c on the
pressure–volume curve in Fig. 6). The corresponding proﬁles for
the three states are plotted in Fig. 7. As shown in Fig. 6, the peak
of the pressure–volume curve is high (PR0/lH = 1.44) when the
tubular elastomeric balloon is inﬂated without prestretch. This
N-shape pressure–volume curve leads to snap-through instability
during the inﬂation of the tubular balloon. The tubular balloon ex-
pands gradually as the pressure increases. When the normalized
pressure exceeds the peak value on the curve, without further
increasing the pressure, the balloon will keep expanding and snap
to another state with large deformation. It is observed that the peak
will decrease as the prestretch increases. When the prestretch is
larger than 3, the snap-through instability of the pressure–volumeFig. 6. The curves of the normalized pressure P vs. the normalized volume V for
different prestretch values. The black horizontal dotted line represents an equal
normalized pressure PR0/lH = 1.14. And the point a, b, c are the cross points of the
horizontal dot line and the curve (kpre = 1).curve is eliminated. Prestretch can also lower the air pressure re-
quired for a certain volume. For example, if the tubular elastomeric
balloon is inﬂated till its volume increases to 100 times of that in
the reference state, the required normalized pressure is 0.73 for
kpre = 5, which is lower than that of 1.14 for kpre = 1.
In the application of the tubular balloons as artiﬁcial muscles,
the reaction force along the axial direction, which is equal to the
generated pushing or pulling force, is one of the most important
performances of the device. We investigated the relations among
the reaction force, the inﬂation pressure, and the prestretch values
along the axial direction. The value of the force is obtained by inte-
grating the tensile force of in the elastomeric membrane along the
circumferential direction at one end. For different prestretch val-
ues, the curves of the normalized pressure vs. the normalized reac-
tion force are plotted in Fig. 8, which also show the instabilities and
the prestretch effects as those in Fig. 6. The curves of the normal-
ized reaction force vs. the prestretch kpre are plotted in Fig. 9 for
different inﬂation pressure. When the normalized pressure is
small, the normalized reaction force increases monotonically with
kpre, which is similar to the simple tension of an elastomeric tube.
However, when the normalized pressure is large enough (e.g.,
greater than 0.65), the normalized reaction force will increase ﬁrst,
then decrease, and ﬁnally increase again due to strain stiffening.-2 0 2 4
1
2
3
4
5
6
7
8
9
r /
R
0
z/R0
a
b
c
Fig. 7. The multiple phases of an inﬂated tubular elastomeric balloon subjected to
the same pressure (PR0/lH = 1.14) without being pretrecthed. (a)–(c) show the
deformed conﬁgurations of the states denoted by a, b, c in Fig. 6.
Fig. 8. The curves of the normalized force at one end of the balloon vs. the
normalized pressure for different prestretch values.
Fig. 10. The non-axisymmetric bulging of an inﬂated short-length tubular elasto-
meric balloon without prestretch. Phase I is the unbulged section, and phase II is the
bulged section.
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ized pressure is greater than 0.77, the normalized reaction force
can be negative at certain range of kpre, which means that the tubu-
lar elastomeric balloon will push the constraints instead of pulling
them. Results obtained in this study can guide the designs of soft
tubular springs with tunable stiffness.
In the experiment, only tubular balloon with the aspect ratio of
1.905 is considered. When the tubular elastomeric balloons pos-
sess high aspect ratio, localized instability will occur, which has
been well studied (Kyriakides and Chang, 1991; Khayat and Der-
dorri, 1992).
We observe that the short-length tubular elastomeric balloons
without prestretch can bulge into a non-axisymmetric shape dur-
ing inﬂation (shown in Fig. 10). For long tubular elastomeric bal-
loons, the multi-phase coexistence appears as the localized
bulged and un-bulged sections along the axial direction without
breaking the symmetry (Kyriakides and Chang, 1991). However,
for the short-length tubular elastomeric balloon adopted in our
experiment, the non-axisymmetric bulging appears as the bulged
(phase I in Fig. 10) and the un-bulged (phase II in Fig. 10) sections
along the energetically favorable direction, e.g., the circumferential
direction. The perturbation that induces the non-axisymmetric
bulging comes from the geometric imperfections (e.g., the seam
on the tubular balloon).Fig. 9. The curves of the normalized reaction force vs. the prestretch of the tubular
elastomeric balloon for different internal pressures.5. Conclusions
Experiments and analysis have been conducted in order to
investigate the effect of prestretch on inﬂation behavior of a
short-length tubular elastomeric balloon. Analysis shows that
snap-through instabilities may happen during the inﬂation of the
tubular balloon. Prestretch along the axis of the tubular balloon
can suppress and eliminate the snap-through instability and regu-
late the reaction force along the axial direction. For a short-length
tubular elastomeric balloon with small prestretch, non-axisym-
metric bulging appears. When the air pressure reaches a certain
value, the reaction force will not keep increasing as the prestretch
increases. If the pressure is large enough, the reaction force along
the axial direction will decrease with certain prestretch, and may
change from tension to compression. This analysis provide guide-
lines for the design of tubular springs with their stiffness tunable
by controlling the air pressure.
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